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Introduction
Single-photon (SP) sources are important for a number of optical quantum information processing applications such as quantum computing [1] [2] [3] , quantum cryptography [4] [5] [6] , and random number generation [7] . In these applications, the photon wave function is processed by performing operations such as polarization rotations, phase shifts and path splitting/recombination in order to en-or decode information. In early demonstrations of quantum computing and quantum communication protocols, these operations were usually performed with table-top optical components [8, 9] , and later with fibre optics elements [10] [11] [12] . These approaches offer high flexibility but suffer from thermal and mechanical instabilities that hinder their scalability. Complex optical circuits are best realized using integrated photonic devices on a micro-chip. Many recent experiments successfully validated this approach by performing quantum optics experiments with photons propagating in integrated photonic circuits [13] [14] [15] [16] .
In this work, we study the possibility to integrate triggered solid-state SP emitters directly on a photonic chip. A major challenge consists in efficiently extracting their emission into a single guided mode. This is seen by many as a stumbling block precluding their usage in practical implementations. In 2010, a record photon extraction efficiency of 72% was first demonstrated by embedding the SP emitter into a tapered photonic nanowire [17] [18] [19] . Following this approach, we consider different source designs in which the SP emitter is embedded into a photonic nanowire waveguide. This contrasts with the traditional approach consisting in placing the emitter in a high Q/V cavity, a method that is only efficient for very narrowband emitters such as epitaxially grown quantum dots at cryogenic temperatures. A good polarization control is key to most applications, including linear quantum computing and quantum cryptography. As shown in this work, efficient, directive, and broadband SP sources with well defined polarization states can be engineered.
We specifically investigate photonic chips made of silicon nitride (SiN x ) devices. SiN x is an amorphous material that has a larger refractive index than silica (n = 2) and is highly transparent in both visible and near-infrared ranges. In addition, SiN x devices and circuits can be realized on a silicon-on-insulator chip using standard CMOS compatible processing technologies. This technology is suitable for developing a universal platform for quantum optics and quantum information processing applications in conjunction with many common solid-state emitters. It offers the possibility to embed alien solid-state inclusions acting as SP emitters directly inside the SiN x host. Such inclusions can be colloidal quantum dots [20] [21] [22] [23] , nanoparticles containing a single color centre [24, 25] , or nanoparticles doped with a single ion [26] . This approach offers a very flexible route to future on-chip quantum optics experiments by separating the engineering of the emitter from the engineering of the photonic circuit itself. In addition this approach would also be scalable since it allows many integrated SP sources and optical circuits to operate in parallel. In this prospect, colloidal quantum dots are of primary interest for proofof-principal demonstrations because of their ability to emit single photons with a quantum yield as high as 80% at room temperatures [20] [21] [22] [23] and the fact that their embedding in SiN x photonic structures has been recently achieved [27] .
We investigate the SP emission from dipole-like nanometer-sized inclusions embedded in four types of SiN x waveguiding structures as represented in Fig. 1 . The first and simplest structure is a strip SiN x waveguide on the top of a silicon oxide (SiO x ) substrate ( Fig. 1(a) ). A more elaborated design giving better performance consists in a slot waveguide in which a SiO x layer is sandwiched between a lower and upper SiN x layer ( Fig. 1(c) ). Using wet etching the substrate can be removed to created suspended strip and slot waveguides such as those represented in Figs. 1(b) and 1(c), respectively. In each case, the SP emitter is positioned at the center of the structure. They are assumed to be effectively degenerate two-level systems with no preferential dipole moment orientation. Several experiments and theoretical works investigated light emis- sion in such silicon stripe and slot structures [28] [29] [30] . Here, we extend this work to realistic 3D SiN x structures. More importantly, we elucidate the effect of the geometry on the emission lifetime and the polarization of the emitted single photons.
Light emission from randomly polarized dipoles
As is well known, both the spontaneous emission rate and the radiation pattern of the light emitted by a quantum dipole transition depend on the environment into which the light is emitted. The spontaneous emission rate from a non degenerate two-level dipole transition is given by Fermi's Golden Rule [31]:
where ω and d are the Bohr frequency and the dipole moment matrix element of the transition.
The sum runs over all the optical modes (labelled by the index σ ) that are coupled to the emitter. Here, ρ σ (ω) stands for the mode density at frequency of the transition and E σ (r e ) = hω 2ε 0 v σ (r e ) for the modal vacuum field amplitude. The modal function v σ (r e ) is normalized such that n 2 (r) |v(r)| 2 d 3 r = 1, where n(r) is the index of refraction of the environment. From Eq. (1), we see that two main factors influence the spontaneous emission rate: (i) the modal field intensities at the position of the emitter and (ii) the spectral densities of the modes at the frequency of the emitting transition. The modes to take into account include guided modes as well as radiated modes. With a careful design of the waveguide one can modify both these factors by changing the number of guided modes (with specific polarization; TE or TM) and their mode profiles. The resulting spontaneous emission rate can be quite different from the rate Γ 0 that one would observe if the emitter was embedded in a homogeneous medium of index n(r e ). The enhancement (or inhibition) of the spontaneous emission rate due to the structuring of the photonic environment of the emitter is expressed by the Purcell factor
In the case of a randomly polarized SP emitter, the orientation of the dipole moment d is random. Each orientation direction i ∈ {x, y, z} can be seen as an independent de-excitation channel for the emitter. Therefore the total spontaneous emission rate is the sum of the spontaneous emission rates Γ i corresponding to each possible orientation: Γ = ∑ i Γ i . In a nanostructured environment such as a waveguide, the rates Γ i will generally differ from each other and so will the Purcell factors F i = Γ i /Γ 0 associated to each possible vibration direction. The spontaneous emission enhancement is measured by the Purcell factor: F = Γ /Γ 0 = ∑ i F i . When a single photon is emitted as a result of a de-excitation process, the probability that it is emitted by a dipole oscillating in the i-direction is
Waveguides can be engineered such that a dipole oscillating in a specific direction has a much larger Purcell factor than a dipole oscillating in any other two directions. In such a case, the photonic environment would turn an intrinsically unpolarized emitter into a polarized one, one with a p i which is much larger than the p i for the other directions.
To make an efficient directional SP source, the light from the SP emitter must mainly couple to the guided modes of the waveguide. Since photon emission into the guided and radiated modes can be seen as independent de-excitation channels, each spontaneous emission rate Γ i = Γ g i + Γ r i can be further split into an emission rate into the guided modes (Γ g i ) and an emission rate into the radiated modes (Γ r i ). The fraction of light that is emitted by an i-polarized dipole into the guided modes of the waveguiding structure, is equal to f i = Γ g i /Γ i . For a randomly polarized SP emitter, the probability that a photon is emitted into the guided modes is given by the coupling efficiency
The fraction of the guided light originating from an i-polarized oscillating dipole is given by the factor
Hence, an efficient, directional and polarized SP source requires that one of the β i -factors, either β y or β z , is as close as possible to one (see coordinate system in Fig. 1 ).
Results and discussion
Light emission from a SP emitting inclusion embedded in the four photonic structures represented in Fig. 1 has been investigated by performing 3D finite-difference time-domain (FDTD) simulations. In all simulations the emitter is located at the center of the waveguide and is emitting at a wavelength of 650 nm. A photon emitted in a waveguide is in a superposition of two opposite propagation directions. The waveguide coupling factors and emission rates mentioned in the text account for both propagation directions (±x). A directional emission can be obtained by placing a reflector at one end of the waveguide.
Strip waveguides
Strip waveguides are simple to design and to fabricate using standard lithographic techniques. In the case depicted in Fig. 1(a) , the strip waveguide lies on a thick silicon oxide layer (refractive index n = 1.46) on a silicon chip. The case in Fig. 1(b) corresponds to an under-etched waveguide: the silicon oxide layer under the waveguide has been chemically removed and the waveguide is suspended above the silicon chip. Both cases were simulated for different values of the waveguide width (W ) and height (H) (see Fig. 1 ). Figure 2 (a) displays the fraction of the light radiated by a oscillating dipole which is effectively coupled to guided modes. The coupled fraction f y ( f z ) radiated by a horizontally (vertically) oscillating dipole is plotted with dashed (plain) lines. A dipole oscillating in the longitudinal (x) direction does not couple efficiently to the waveguide ( f x < 0.028 in all cases). Three waveguide heights are considered: H = 200 nm (red curves), 220 nm (blue curves), and 300 nm (black curves). For each value of H, f y and f z are plotted as a function of the width W , ranging between 150 and 350 nm. In this parameter range, the waveguide can only support one TM mode and/or one TE mode. A vertically oscillating dipole couples mainly to the TM mode while a horizontally oscillating dipole couples mainly to the TE mode. When the width is swept from lower to higher values, the TM mode appears first. The mode profiles for a waveguide with H = 220 nm and W = 350 nm are shown in Fig. 2(b) . Figure 2(a) shows that the TM (TE) is supported from W = 160 nm (W = 230 nm) in waveguides with H = 300 nm, and from larger widths in the case of thinner waveguides. f y and f z on the order of 50% and 65% respectively are achievable in 300 nm thick waveguides. FDTD simulations were performed to calculate the radiation damping rates for dipoles oscillating in the three i-directions. The deduced Purcell factors F i are found to be almost independent of the dipole polarization direction and the resulting probabilities p i to emit in a specific polarization range between 0.21 and 0.45 in the entire range of interest. In Fig. 3 , the total coupling factor β (Fig. 3(a) ) and the partial coupling factors β y and β z (Fig. 3(b) ) are shown for the same waveguide geometries as in Fig. 2 . For the taller waveguides (H = 300 nm), Fig. 3(a) shows that the coupling to the waveguide is only 25% in the single mode regime since only the field radiated by the z-polarization is guided. However, the collected light is perfectly polarized (TM mode). In the two-mode regime a collection efficiency of 40% can be reached at the expense of loosing the control over the polarization state of the collected photon. Clearly the light collection efficiency in a strip SiN x waveguide is not high enough to make an efficient single photon source. However, the coupling can be dramatically improved by modifying the design of the waveguide.
The simplest modification consists in underetching the strip waveguide to create a suspended structure such as the one depicted in Fig. 1(b) . The underetching provides a better light confinement of the guided modes which improves the coupling to the emitter. In the range of heights and widths considered here the waveguide supports at least two modes: the fundamental TE and the following TM mode. Fig. 4 shows that for taller waveguides (H = 220 nm, blue lines), the partial Purcell factors F i range between 0.6 and 1.1. As in the case of SiN x strip waveguides, this does not provide sufficient polarization selectivity to force the dipole to oscillate preferentially in one specific direction, and since the suspended waveguide always supports both a TE and a TM mode (see the mode profiles in Fig. 4(b) ), no polarization selectivity of the photon source can be expected in this case. In thin waveguides, the field of the TM mode is expelled from within the waveguide. This is clearly seen in Fig. 4 (c) for a waveguide with H = 100 nm. As a consequence the radiation of a z-polarized dipole is significantly inhibited (see Eq. 1), resulting in a small F z < 0.16 factor. An unpolarized emitter placed in such a thin suspended waveguide would radiate as a y-polarized dipole with a probability p y as high as 55% and potentially lead to highly polarized guided photons if the coupling to the TE mode is strong enough. The total coupling factor β is plotted as a function of W in Fig. 5 (a) for waveguides with heights H = 100 nm (red line) and H = 220 nm (blue line). In Fig. 5(b) , the corresponding partial coupling factors β y (dashed lines) and β z (plain lines) are displayed. The coupling factor β x is omitted because it is negligible for H = 100 nm and does not exceed 14% for H = 220 nm. In the case of tall waveguides (H = 220 nm, blue line), the underetching significantly improves the coupling to guided modes, the β factor reaching values higher than 60%. This is essentially due to a better field confinement as can be seen by comparing the field profiles of Fig. 4(b) to those of Fig. 2(b) . However no polarization control is achievable in this case because the geometry does not provide a sufficient Purcell enhancement/inhibition and β y and β z have similar values, as shown in Fig. 5(b) . In the case of thin waveguides (H = 100 nm, red line), a β -factor of 43% can be reached. The value is lower than in the case of tall waveguides because the confinement of the TM mode is worse. However, the geometry allows for a remarkable control over the polarization of the photons coupled to the waveguide. Indeed, Fig. 5 shows that the collected light is almost completely polarized in the y-direction, e.g. β y /β = 95% for a width W = 310 nm. In other words, the thin suspended waveguide geometry turns a completely unpolarized single-photon emitter into a linearly polarized single-photon source with a reasonable photon collection efficiency of 43%.
Slot waveguides
The efficiency of the photon/waveguide coupling can be enhanced by embedding the emitter into a thin SiO x layer in the center of the SiN x waveguide (see Figs. 1(c) and 1(d) ). This kind of waveguide is called a slot-waveguide. Due to the continuity of the displacement field at any interface, this nanometer-sized slot of low index material (n = 1.46) in between two higher index (n = 2) regions results in a discontinuity of the electric field near the slot boundaries. Hence a large electric field develops in the low-index slot region for the mode which has its polarization orthogonal to the slot, in this case the TM mode (z-polarization). This improves the mode confinement and enhances the field strength at the position of the emitter, improving the coupling of the light emission into the waveguide.
To illustrate the performance enhancement provided by a thin SiO x -slot, let us consider the case of a tall (H > W ) SiN x strip waveguide only supporting a single TM mode (see Figs. 2(a)  and 3) . Such waveguides allows for the emission of perfectly polarized guided single-photons. Without a slot, the coupling efficiency factor is only β = 25%. Figure 6(a) shows how introducing a 20-nm SiO x slot improves the coupling efficiency. The taller the waveguide the easier single-mode operation can be achieved over a wide range of widths. For H = 500 nm, a β -factor of 37% can be reached. The light coupled into the waveguide is entirely polarized along the z-direction (β ≈ β z ), see Fig. 6(b) . Simulations show that departing from the chosen slot height H g = 20 nm does not change β significantly (H g ±10 nm ≈ β ±4%). Fig. 6(c) shows the mode profiles of the supported TE and TM modes for H = 220 nm and W = 350 nm. Comparing with Fig. 2(b) , we see that the TE-mode is not significantly modified by the slot, while the TM-mode shows an enhancement of the local field strength within the slot. The same local field enhancement is observed for tall waveguides (H > W ) and is responsible for the improved coupling of the emitted photon to the single TM-mode, as discussed above.
The best coupling efficiencies in this study are obtained for suspended slot-waveguides, as in Fig. 1(d) . Figure 7 (a) displays the partial Purcell factors F y (dashed lines), and F z (plain lines) as a function of the waveguide width W for two waveguide heights: H = 300 nm (red line) and H = 500 nm (blue line). In striking contrast with the suspended waveguide without a slot (see Fig. 4(a) ), the partial Purcell factor F z now takes values significantly higher than one, ranging between 2.6 and 4.4 in the investigated range. Also notice that the partial Purcell factor F y can be made much smaller than one when W approaches 100 nm. This shows that one can simultaneously enhance the spontaneous emission from a z-polarized dipole and inhibit the spontaneous emission from a y-polarized dipole. In that case, a highly polarized emission is expected in a TM-mode, despite the existence of a TE-mode. The simultaneous enhancement of F z and reduction of F y can be understood by looking at the mode profiles. Figure 7(b) shows that the slot enhances the strength of the TM modal field at the center of the waveguide where the emitter is positioned. The enhancement is stronger when there is no substrate under the waveguide since the modal area is smaller. It is responsible for the high values of F z over the entire range of parameters. The reduced value of F y is explained by the phenomenon already observed in Fig. 4(c) . When the waveguide becomes thin enough in one particular dimension, the field of the mode polarized orthogonally to that direction is expelled from the centre of the waveguide, resulting in a reduced matter light coupling. Here, the TE-field is expelled from the waveguide when W < 150 nm, which results in a F y -value significantly smaller than one. Figure 8 displays the total coupling factor β and the partial coupling factors β y and β z for suspended slot-waveguides with height H = 300 nm (red lines) and H = 500 nm (blue lines). high as β = 59% when W = 120 nm. Figure 8 (b) further shows that the β z /β y ratio is higher in the H = 300 nm case than in the H = 500 nm case, in accordance with the discussion above and the Purcell factors displayed in Fig. 7(a) . For W = 120 nm, β x is negligible, β y = 3%, and β z = 56%. This results in a very high polarization ratio β z /β = 96% for the guided light. Going to wider waveguides results in a higher β but also in a lower polarization ratio. A maximal overall coupling of 67% is found for a waveguide with dimension H = 300 nm and W = 220 nm, and β z /β = 74%. Replacing the SiO x layer by an air slot, would result in even higher Purcell factors (F z up to 14) and hence an even higher degree of polarization (98%) and total coupling (59%) can be achieved. 
Conclusions
Our study shows that high efficiency in-plane SP sources can in principal be realized using SiN x photonic devices as simple as waveguides. We showed that light from a SP emitter can be efficiently coupled to the waveguide. High coupling factors β ranging between 40% and 67% were found in the four waveguide geometries under investigation. Furthermore, we showed that under certain geometrical conditions, the emitted photon can be coupled to a single polarized guided (TE or TM) mode. In that case, an effective polarized SP source is built even if the SP emitter itself is unpolarized. In suspended strip waveguides, we show that one can simultaneously achieve a good coupling factor β = 43% and a high polarization ratio β y /β =95%. In suspended slot waveguides, a higher coupling factor β = 56% is achievable in combination with a similar polarization ratio β z /β =96%.
These results demonstrate that high efficiency single-photon sources and complex optical circuits can be combined on a single photonic chip for quantum optics experiments. The SiN x sources and optical circuits can be manufactured using well-established CMOS-compatible processing technology. Because the SiN x transparency range extends from the visible to the infrared, the envisaged platform is compatible with several types SP emitting inclusions such as colloidal quantum dots, nanoparticles containing a single color centre, and single-ion doped nanoparticles.
